We prove a capitulation result for locally free class groups of orders of group algebras over number fields. As a corollary, we obtain an "arithmetically disjoint capitulation result" for the Galois module structure of rings of integers.
Introduction
Let K/F be a finite Galois extension of number fields with Galois group G. A natural problem that arises in Galois module theory is that of determining whether the ring of integers O K is free as a module over the associated order
One tool that has been used with some success is that of the locally free class group (see [3] for an introduction). Now let F be a number field and H be its Hilbert class field. It is well-known that every ideal of O F becomes principal or "capitulates" in O H . In other words, the natural map Cl(O F ) → Cl(O H ) is trivial. The main theorem of this paper is an analogous result for certain locally free class groups (though unlike the case of the Hilbert class field, our construction is far from canonical). As a corollary, we obtain an "arithmetically disjoint capitulation result" for the Galois module structure of rings of integers. Our results are precisely stated as follows. Theorem 1.1. Let G be a finite group of exponent n and let F be a number field containing a primitive n-th root of unity ζ n . Let S be any finite set of finite primes of F . Then there exists a finite extension L/F unramified at the primes of S such that for any
, the natural map between locally free class groups
is trivial. Corollary 1.2. Assume the notation and setting of Theorem 1.1. Let K be any Galois extension of F with Gal(K/F ) = G such that K/F is unramified at all finite primes outside S and O K is locally free over the associated order
Remark 1.3. If F does not contain a primitive n-th root of unity ζ n , it is always possible to first "shift up" to the extension K(ζ n )/F (ζ n ) and then apply Theorem 1.1 and Corollary 1.2 so that there exists an extension L/F (ζ n ) such that O LK is free over A LK/L . However, it is possible L/F and K/F are not arithmetically disjoint or even linearly disjoint, and so one could have [LK :
Remark 1.4. There is no "arithmetically disjoint capitulation" for abelian extensions of padic fields, as shown by [6, Proposition 1(b) ]. Thus if K/F is an abelian extension number fields such that O K is not locally free over the associated order A K/F , then there exists no extension L/F arithmetically disjoint from
Remark 1.5. By Noether's Theorem (see [7] ), O K is locally free over A K/F at all primes at which K/F is at most tamely ramified. Hence as a special case of Corollary 1.2, we have a sharper version of Ichimura's capitulation result for relative normal integral bases of abelian extensions (see [5] ). For primes at which K/F is wildly ramified, it is not so straightforward to determine whether we have freeness for the corresponding extension of p-adic fields. However, Lettl has shown in [6] that we always have freeness for absolutely abelian extensions of p-adic fields. For more on the general p-adic case, see [1] . Remark 1.6. There is an analogous version of Corollary 1.2 for the Galois module structure of G-invariant ideals of O L . For such an ideal I, we consider its structure as a module over [4] for definition) since L/F is unramified at the primes of S and K/F is unramified at all finite primes outside S.
By Theorem 1.1, we see that the class of O LK is trivial in Cl(A LK/L ). This implies that the locally free A LK/L -module O LK is stably free. Since L contains a primitive n-th root of unity, the Wedderburn decomposition of the group algebra L[G] is of the form ⊕ s i=1 Mat r i (L) and so L[G] satisfies the Eichler condition relative to O L (see [8, Definitions 34 .3 and 38.1]). Therefore a result of Jacobinski (see [8, Theorem 38.2] , for example) shows that O LK is in fact free over A LK/L .
Capitulation for Maximal Orders
We first prove a special case of Theorem 1.1 which will later allow us to perform an important reduction step in its proof. We require the following result. 
for some r i , s ∈ N and the natural map between locally free class groups 
Showing that θ is trivial is equivalent to showing that each component
We shall now assume some basic facts on Morita equivalence ([8, Chapter 4] contains the relevant material). For a ring R, let Mod(R) denote the category of finitely generated projective R-modules. We have the following commutative diagram 
Capitulation for Units
In this section, we prove a "capitulation result for units". The key idea in the proof of Theorem 1.1 is to combine this with the fact that in the kernel group of the locally free class group can be described in terms of units.
The Let t ∈ N such that u t ≡ 1 mod m 2 . Without loss of generality, we can assume that m|t and t ≥ m + 4. There exist elements a, b ∈ O F such that
Putting c = a − m t−1 and d = bm + u t−1 , we have
We see that m divides c because m divides both dm t−1 and (1 − u t )/m. Furthermore, (d, m) = 1 since d = bm + u t−1 . Let θ = θ 1 , θ 2 , . . . , θ t be the roots of the polynomial
and let L = F (θ). Then we have
where the penultimate equality is due to (1) . Therefore, ε = u − mθ ∈ O × L and ε ≡ u mod m. Now let p be a prime of O F dividing m. The formal derivative of f (X) is
However, p divides m and m divides t and c, so we have
Note that u ≡ 0 mod p. Hence X = 0 is the unique root of f ′ (X) mod p. However, f (0) = d ≡ 0 mod p since (d, m) = 1. Therefore f (X) and f ′ (X) have no common roots mod p and so L/F is unramified at p.
Remark 3.2. The construction of L in the above proof is far from canonical. An interesting but apparently difficult question is whether L/F can always be taken to be relatively abelian. 
Proof of the Main Theorem
We now bring together the results of the previous two sections to prove the main theorem. 
Let m ∈ N be a multiple of |G| that is divisible by all the primes in S. Note that mM ⊆ B.
We now assume some basic facts from K-theory ( [9] contains the relevant material). We have the following Milnor square By Morita equivalence, this becomes
, which can be rewritten as
Note that ∂ is given by the Milnor patching process. Furthermore, φ restricted to ( s i=1 O × H ) is just the natural projection and φ( s i=1 O × H ) ⊆ ker ∂, giving a surjection g :
By Corollary 3.3, there exists an extension L/H unramified at all prime divisors of m (in particular, at all primes in S) such that if f :
is trivial (φ and ψ are the natural projections).
where again the horizontal arrows are the natural inclusions and the vertical arrows are the natural projections. The two Milnor squares can be "glued together" using the base change
As g is surjective andf is trivial, this implies that h is trivial, which is exactly what we wanted to show.
Non-Capitulation
As a complement to our results on capitulation, we make the following easy observation. 
Then restricting coefficients gives
Since O L is free over O F , we have 
is injective.
acknowledgements

